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Abstract. Let G = C n x ^C m with a semi-simple action <j> : C" — ► GL m (C) (not necessarilly 
holomorphic). Suppose G has a lattice I\ Then we show that in some conditions on G and T, 
G/T admits a Hermittian metric such that the space of harmonic forms satisfies the Hodge 
symmetry and decomposition. Moreover such G/T is strictly formal and the dd c -lemma 
holds. We also show that if G/T admits a pscudo-Kahlcr structure then G/T has the hard 
Lefschetz complex type. We also show that in some conditions on G and T, G/T admits a 
versal deformation with smooth base (H 1 (M, T 1,0 ), 0). By these results we give examples of 
non-Kahler complex solvmanifolds satisfying Dolbeault-cohomological properties of compact 
Kahler manifolds. 

1. Introduction 

Let M be a complex manifold with a Hermittian metric g. We consider the complex-valued 
de Rham complex (A*(M),d), the Dolbeault complex (A*<*(M),8), the space U* d {M,g) of 
complex- valued d-harmonic forms and the space H='*(M,g) of complex- valued 9-harmonic 
forms. For the de Rham cohomology H*(M) and Dolbeault cohomology H*-*(M), we have 
isomorphisms H*(M) = U* d (M,g) and H*<*(M) = H* s '*(M,g) of linear spaces. In general 
rl* d (M,g) and Hg'*(M,g) are not closed under the wedge product. 

Let G be a Lie group as in the following assumption. 

Assumption 1.1. • G = C™ tx^ C m with a semi-simple action <f> : C n — > GL m (C) (not 
necessarily holomorphic). Then we have a coordinate z±, . . . , z n , Wi, . . . , w m o/C™ ix^C 1 ™ such 
that 

)(w 1 , . . .,w m ) = (qiWi, . . .,a m w m ) 

where o;, are C°° -characters o/C™. 

• G has a lattice T. Then a lattice T of G = C™ tx^ C m is the form V T" such that F' and 
T" are lattices of C™ and C m respectively and the action (f> ofT' preserves T" . 

Lemma 1.2. f[10p There exist the unique unitary characters Pi and 7^ on C™ sitc/i that aif3~ 1 
and a^~ l are holomorphic. 

We consider the following conditions: 



Condition 1.3. The characters a, are real-valued (i. e. G is completely solvable). 

) For multi-indices K,L C {1, . . . , m}, Rv{Pk^l) = 1 if arid only if axotL = 1 where Rr 
is the restriction on T and 1 is the trivial character. 

(if 3) For multi-index L C {1, . . . , m} and a index k € {1, . . . , m} 7 i?r(7i) = Rr{Pk) if and 
only if a L = a k . 



Theorem 1.4. Let G be a Lie group as in Assumvtion \l.l[ Consider the left- invariant Her- 
mittian metric g = ^dzidz~i + ^a// 1 a~ 1 dwidwi. Then the space Hy* (G /V) of complex-valued 
d-harmonic forms satisfies the following conditions: 
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(1) Tig* (G /T ', g) is closed under the wedge product. 

(2) If the condition (in) holds, thenU^ q (G/T,g) = Uf (G /T , g) . 

(3) If the condition (if 2) holds, then we have W d (G/T,g) = (§) p+q=r 'H^ q (G/T,g). 

Corollary 1.5. Let G be a Lie group as in Assumption ] If the conditions (ifi) and (if 2) 

hold, then the filtration F p A k (G/T) = © r>p r+s =k A r ' s (G/T) induces a Hodge structure of 
weight k on H k (G/T, Q) 

We consider the differential operator d c — \/—l(d — 9). If the condition Im(d) n Kcr(<i c ) = 
Im(d c ) H Ker(cf) = lm(dd c ) holds then we say that the dd c -lemma holds. By [21 (5.21) (Special 
case of Proposition (5.17))], if the conditions (ifx) and (if 2) hold, then the dd c -lemma holds. 

By the (1) in this theorem, we have an isomorphism H*'*(G/T) = H*£* (G /T , g) of bigraded 
algebras the quasi-isomorphism Hg'*(G/F,g) — > A*'*(G/T) of differential bigraded algebras. 
Hence we have: 

Corollary 1.6. Let G be a Lie group as in Assumption ] 1 . 1[ Then G/T is Dolbeault formal. 
Moreover if the condition (if 2) holds, then G/T is strictly formal. 

Dolbeault formality and strictly formality are considered in [T2"j . 

We also consider hard Lefschetz complex type of pseudo-Kahler manifolds. 

Theorem 1.7. Suppose G/T admits a pseudo-Kahler structure uj. Then {G/T,uj) has hard 
Lefschetz complex type (i.e. for each p, q with p + q < n + m, the linear map 
[uj] n+m -' p - q f\ : H^ q (G/T) -> H n+m- g< n+ m - P ( Gj / T } 

is an isomorphism). 

Remark 1 . In case of a Nilmanifold, the dd c -\emraa holds if and only if a nilmanifold is a torus 
(see [5]). Nilmanifolds with nilpotent complex structures are formal or have hard Lefschetz 
complex type if and only if they are tori (see [5]). 

We also consider the space A°'*(G/r,T 1,0 ) of the differential forms on the holomorphic 
tangent bundle T 1 ' as a DGLA (differential graded Lie algebra) (see [S] and [TTj). 

Theorem 1.8. Let G = C™ k^C™ with a semi-simple action : C™ —> GL m (C) (not necessarily 
holomorphic). Suppose G has a lattice T . Then the DGLA A '* (G/T, T 1,0 ) is formal. Moreover 
if the condition (if 3) holds, then H 0, *(G/T,T 1,0 ) is abelian. 

By using homotopy theory of the DGLA A '* (G/T, T 1,0 ), we can study the deformation 
theory of G/T. By Theorem ll.8[ we have the following corollary (see [5] and |11|). 

Corollary 1.9. In the same assumptions in Theorem \ l-4\ the parameter space of the versal 
deformation (the Kuranishi space) of G/T is given by 

{ V eH 1 (G/T,T 1 '°)\[n,r 1 }=0}. 

Moreover if the condition (if 3) holds, then G/T admits a versal deformation with smooth base 
(iT^MjT 1 ' )^). 

Remark 2 . In 8] , Hasegawa showed that a simply connected solvable Lie group G with a lattice 
T such that G/T admits a Kahler structure can be written as G = M. 2k k^C 1 such that 

■ ■ • , *,)) = (e^~ w ^ Zl , e^l^zi), 

where each e^~^- B i is a root of unity. Hence for G — C n C™ 1 with a semi-simple action 
4> : C n — > GL m (C), a compact solvmanifold G/T admits no Kahler metric if <fi has a non- 
unitary eigencharacter. In particular if <f> is non-trivial and satisfies the condition ("^1), then 
G/T admits no Kahler metric. 

By this remark and above theorems, we give examples of non-Kahler solvmanifolds G/T 
admiting the Hodge symmetry and decomposition, strictly formality, hard Lefschetz complex 
type and a versal deformation with smooth base (H 1 (M, T 1 ' ), 0). 
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2. DOLBEAULT COHOMOLOGY OF SOLVMANIFOLDS 

Let G be a Lie group as in Assumption 1 1 . 1 1 and g be the Lie algebra of G. In this section, 
in order to compute the Dolbeault cohomology of G/T, we will construct of finite dimensional 
cochain complex by using the result in [TDJ. Then the set 

dzi, . . . ,dz n ,a^ 1 dw 1 , . . . , a^dw m 

of C-valued differential forms is a basis of the space /\ jj 1,0 of the left-invariant (1, 0)-differential 
forms. Hence we have 

p,q p q 

f\S* = /\(dzi, ■ ■■ , dz n , a^ 1 dwi,. . . ,a^dw m ) f\(dz\, . . . ,dz n ,dti X dw\, . . . ,a^dw m )- 

Let f3 : C™ — >• C* be a unitary character of C". We consider f3 as a character of G by 
the pullback of the projection G — C™ C m —> C™. We have the holomorphic line bundle 
Lp = (GxCp)/T over G/T. We consider the Dolbeault complex (A*'*(G/T,Lp),d) with values 
in the line bundle Lp. For a flame {vp} of G x Cp, {/S^ 1 ^} is a flame of the complex line 
bundle Lp such that 

A*<*(G/T,Lp) = A*'* (G/T) <8 (/T 1 ^) 
with the Dolbeault operator <9. We consider the direct sum 

A*>*(G/r t L p ) 

Lf)£C 

of Dolbeault complexes on line bundles where C = {Lp} is the set of isomorphism classes of 
line bundles given by unitary characters of C™. 

Let f3j , 7j be the characters of C" as in Lemma 11.21 We define 

p 

A p ' q = f\(dz%, . . . ,dz n ,a^ 1 dwi ® (J3iVp-i), . . .,a^dw m ® (j3 m Vp-i)) 

i 

f\(dz\, . . . , dz n , a^ 1 dwi ® (71^-1), . . . , a" 1 ^™ ® (7m« 7 -0- 

Since a" 1 /3, and a~ 1 7i are holomorphic, the Dolbeault operator 9 on A*'* is and hence A*'* 
is a subcomplex of the direct sum 

A*'* (G/T, Lp) 

with the trivial differential. Since a~ 1 f5i and a~ 1 ^/i are holomorphic, (A*'* ,8) is isomorphic to 
(A*'*(a®n)*,B). 

Theorem 2.1. ([10 ) TTie inclusion $ : A*'* -> i/:ie £ A*'* (G/T, Lp) induces a cohomology 
isomorphism. 

Consider the subcomplex Bp' q C A p ' q 

B $' 9 = ® (dzi Adzj Aa^dwK ® (PKVp-i) Aa^dwL® (jlv^-i)}. 

\i\+\k\=p, 

|J| + |£.|=9. 

where I,J,K,L are multi-indices. Then we have J3g* = ^ 1 (A*^* (G /T , L p) . Hence the inclu- 
sion $ : B*p* A^* (G/T, Lp) induces a cohomology isomorphism. If j3 is trivial, we write 
B*'* as B*n*. The inclusion $ : B*'* -> A*'*(GyT) induces a cohomology isomorphism. 
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3. Proofs of theorems 
Proof of Theorem \l-4\ Consider the left-invariant Hermittian metric 

g = dziZi + ^2 a~ 1 a~ 1 dw i dw i 

for the above basis Z\, . . . , z n , a± dw\, . . . a^dw m of g 1 ' . Let 

* g A p ' q (G/T) -> A n+m - p ' n+m - q {G/T) 

be the C-anti-linear Hodge star operator of g on A*'*(G/T). Then we have * g (B p,q ) C .B p ' 9 
(see [TD]). Since the Dolbeault operator on A?' 9 is and the inclusion $ : B*<* -> A*>*(G/T) 
induces a cohomology isomorphism, we have 

B*'*=U¥{G/T,g). 

Since -B*'* is closed under the wedge product, we have (1) in Theorem 11.41 
We assume the condition (■fci). Then by on = o», we have 

P 9 

= f\{dzi, . . . ,dz n ,a^ 1 dw 1 , . . .,a^dw m ) ® /\(dz~i, ■ ■ . ,dz n ,a^ 1 dw 1 , . . .,a^dw m ). 

We have 

B P,q _ ( dzi A dij A a K l j3 K dw K A oT L x fi L dw L ). 

\I\ + \K\=p, 
|J| + |i|=9> 
«r(/3jf/3i)=l 

Hence we have 

BP-? = (dzj A dxj A a^p K dw K A al l (5 L dw L ) = B q ' p 

\I\+\K\=p, 
\J\+\L\=1, 

and thus (2) in Theorem 11.41 follows . 

We assume the condition {it 2). Then we have 

B p ' q = (etej Adxj Adw K Adw L ). 

\I\ + \K\=p, 

\J\+\L\=q, 

a K a L =l 

In this case, for the metricg as above, all the elements of B*>* are also d-harmonic. Thus we 
have 

H% q (G/T,g) = B>« cW d (G/T,g). 

p-\-q—r p-\-q—r 

This implies that the Frolicher spectral sequence degenerates at E\. Hence we have 

H P 8 ' q (G/T,g)= B p ' q =-H r d (G/T,g) 

p+q—r p+q—r 

and thus (3) in Theorem 11.41 follows . 

□ 

Proofs of Theorem ] 1.7\ Since the Dolbeault operator on B p ' q is 0, we have an isomorphism 
BP><} HP' q (G/T). We have uj € B 1 ' 1 which is 9-cohomologous to u. Since we have u# +m ^ 
and B*'* C A* : *(C™ © C m ), w is a non-degenerate (1, l)-form on the vector space C™ © C m . 
By linear algebra, the linear map 

p,q n—q,n—p 

(uj A) n+m - p - q : f\(C n © C m ) -> /\ (C"ffiC m ) 
is injective. Hence the restriction 

(woA) ri+m_?)_9 • B p,q — > B n + m -i> n -p 
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is also injective and the map 

[cj] n+m - p - q A : H p - q {G/T) -> H n+m - q ' n+m - p (G/T) 
is so. By the injectivity and Serre's duality, for each p, q we have 

dimH p ' q (G/T) < dimH n - q > n - p (G/r) = dim H q ' p (G/T). 

Hence we have 

dim H p > q (G/T) = dimH q ' p (G/T) = dmxH n - q ' n - p {G/T) 

and the injection 

[ui] n+m - p - q A : H p > q (G/T) -> ij«+™-<^«+™-P( G / r ) 
is an isomorphism. □ 

Proof of Theorem \1.8[ Since we have 

A 0, *(G/T,T 1,0 ) — A°'*(G/F) ® g 1 ' , 

by the correspondence 

{ ^'---'^' ai ^'---' a ™^ } ^ {Vl '---' Wl '^ 1 '-'-'^fc 1 ^ 

we have 

^••(g/t.t 1 - ) 

= A°'*(G/T) © • • • © A°>*(G/r) © A°'*(G/r, Z^-i) © • •• © A°'*(G/T, 



By the constructions of -Bg-i > we consider the subcomplex 



C2'*= (aZV(^-)^A^) 

7C{1, . ~,n}, Jc{l,...,m} fe 
s.t.i? r (7i) = l 



of A°'*(G/r) ® (gf^) and the subcomplex 

' dwk 



D° k '*= {a- L l lL ^ l {a k ^-)dzjAdwj) 



JC{l,..,n},LC{l,..,m} 
s.t.R r (~t L )=R r (p k ) 

of A°'*(G/r) <g> (a fe a|^). Then the inclusion 

C?'* © . . . G°<* © D°'* © • • • © D° rn * -> A 0, *(G/r, T 1,0 ) 

induces a cohomology isomorphism. Since 7£ and /3^ 1 a k are holomorphic, the Dolbeault 
operator on G°'*ffi. . . G°'*©-D 1 '*©- • 'ffi-D^* is 0. For each J, J' C {l,...,n}, L, L' C {l,...,m} 
and fc, fc' € {1, . . . , m}, we have 



9 9 
7i( "5 — )dzj A dw L ,a^^ L ,^~}{a k ,- )dzj> A eta)/,' 



d 

^{J- mm)Ol~j X 1 ^ j' ^} {a k ' -Q^)dzi A dzv A dwj A dwj> 

A(L\k,k')ajuj,7LuL>j3 k ?(a k >Q^)dzjuj' A dw mv (J C\ J 1 = L C\ L 1 = %) 
( J n J' ^ or L n L' ^ 0) 

for some constant A/jy k k ,^ since aj,/3j,7j are characters on C™. If i?r(A/) = 1 an d Rt{i,t) = 
Rr(j3 k >), then we have Rr{jjuJ') = Rr{Pk')- Hence we have [G fe '*, .D fe ;*] c -D°;* and so G°'* © 
. . . G°<* © Dj'* © • • • © is a subDGLA of A '* (G/r, T 1,0 ). Hence the DGLA A°'*(G/T, T 1,0 ) 
is formal. 
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We assume the condition (^3). Then we have 



CtL=Ctk 



Hence the subcomplex D®'* is given by 



d 



D T = (sr^A^J. 



This implies that the subDGLA G^ 
^^(G/TjT 1 ' ) is abelian. 



|J| + |i|=9, 



D^* is abelian and hence 

□ 



4. Examples 



Example 1 . Let G = C ix s C 2m such that 



cf>(x 



ly)(wi,W 2 ■ ■ ■ , W 2m -l,W2m) 



, e amX W 2r , 



-i,e 



for integers a,i 7^ 0. Then we have a left-invariant pseudo-Kahler structure 

m 

lo = \f— Tdz A dz + \^(dw2i-i A dw-n + dw2i-i A dw 2 i). 

i=l 

We have fti-i = e - 2ai7r ^ Ts ', /3 2l = e 2ai7rv/3Ty . We can write G = R x (K x C 2m ). G has a 
lattice r = tZ x A where A is a lattice M x^ C 2m for t > 0. Then BP'" 3 varies for the choice 
t > 0. Consider the case t 7^ -tt for any r, s € Z. Then Rt^kP^ 1 ) 7^ 1 for any multi-indices 
if, L such that axct^ 1 7^ 1. Hence the conditions ("^2) an d (^3) hold. 

Example 2. Let G = C x^ C 2 such that 

(j)(x + V^y) = 







Then we have a + y/—lb, c + ^J—ld € C such that Z(a + \/— 16) + Z(c + y 7- Id) is a lattice in 
C and 4>{a + >/—lb) and <p(c + y/—ld) are conjugate to elements of SX(4,Z) where we regard 
SX(2,C) c «SX(4,K) (see 0). Hence we have a lattice L = (Z(a + \/^I&)+Z(c + V^ld)) x^L" 
such that r" is a lattice of C 2 . Then the condition (*ki) does not holds. We have pi = 02 = 1 
and 71 = e _2v/ ^ Tl ', 72 = e 2v/ ~ Ty . If 6 ^ 7rZ or c ^ 7rZ, then the conditions (*ki) and ("^2) hold 
and hence we have H|' 9 (G/L, 5 ) = Uf{G/T) but we have dim H 1Q {G/T) ^ dim if ' 1 (G/r) 
(see [lO]). 



Example 3. Let ii 



pn+l 



such that 



V ! (a ; i»---»a'n)(?/i ? ---)y7i(J/n+i) = (e Xl yi,.--e Xn y n) e Xl "' x "y„+i). 

Then a lattice of ii is constructed by a totally real algebraic number field (see [IS])- Consider 
G = C" x rf ,C™+ 1 such that 



{zi, . . . , z n )(wi, . . . ,w n ,w n+ i) = (e Xl Wi,...e Xn w n ,e 



n+l 



for complex coordinate (zi = xi + y—lyi, ■ ■ ■ , z\ = x n + y/—ly n , wi, . . . , w n +i)- The condition 
(jfi) holds. Since we have G — W 1 x (K™ x^ e ^ M 2 ™ +2 ), the Lie group G admits a lattice 
L = (ciZ x • • • x c„Z) x A where A is a lattice of 1" x^^^, E 2n+2 . In this case for a coordinate 
(zi = xi + \f^lyi,...,zi = x n + y/^ly n ,wi, . . . ,w n+1 ) of C", we have ft = er^^y for 
1 < i < n and ftt+i = e v/ ~ T ( yiH Hence if ci, . . . , c n are not rational numbers, then the 

conditions (+2) and (^3) hold. 
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